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We study the ratio of the shear viscosity to the entropy density for various holographic
superfluids. For the s-wave case, the ratio has the universal value 1/(4pi) as in various
holographic models. For the p-wave case, there are two shear viscosity coefficients because
of the anisotropic boundary spacetime, and one coefficient has the universal value. For the
(p+ ip)-wave case, the existing technique is not applicable since there is no tensor mode of
metric perturbations which decouples from Yang-Mills perturbations. Our results indicate
that the shear viscosity does not show a singular behavior at the critical point for holographic
superfluids.
Subject Index: 121
§1. Introduction
In the studies of holographic superconductors/superfluids1)–7) (See, e.g., Refs. 8)–
10) for reviews), one often uses numerical computations or some approximations.
This is because the holographic superfluids are Einstein-matter systems and it is in
general difficult to solve such systems. One approximation often employed is the
“probe approximation,” where the backreaction of matter fields onto the geometry
can be ignored. While the approximation is enough to see the phase transition and
to compute properties such as the conductivity, gravitational properties of these
systems, in particular analytic results are largely intact. It is desirable to obtain
gravitational properties of these systems analytically. We investigate this issue in
this paper. We study η/s, the ratio of the shear viscosity to the entropy density for
holographic superfluids.
Studying η/s is interesting from another point of view. According to the AdS/CFT
duality, the ratio is universal, i.e.,
η
s
=
1
4π
(1.1)
in the large-N limit. This holds for all known examples which have been studied
(See, e.g., Ref. 11) and references therein). Even though there exists several argu-
ments to support the universality,12)–15) it is still unclear why the universality holds
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microscopically and how generic the universality is. The holographic superfluids
provide yet another example of the universality.
The holographic superfluids exhibit a second-order phase transition. At high
temperatures (normal phase), the bulk geometry is given by the standard Reissner-
Nordstro¨m-AdS black hole. The shear viscosity for the Reissner-Nordstro¨m-AdS
black hole has been computed in Refs. 16)–19), and the universality has been shown
already. Thus, we focus on the low temperature phase (superfluid phase).
Technically, the universality largely depends on the following two properties of
the bulk theory:
1. One can use the Kubo formula to compute η and carry out the tensor mode
computation of gravitational perturbations. There are no other fields which
transform as a tensor even if matter fields are present.
2. The entropy density is given by the Bekenstein-Hawking formula as long as the
gravitational action takes the Einstein-Hilbert form.
In this paper, we consider three class of holographic superfluids, the s-wave, p-
wave, and (p+ip)-wave holographic superfluids in (d+1)-dimensional bulk spacetime.
Our results are summarized as follows ∗) :
(i) The s-wave holographic superfluids are described by Einstein-Maxwell-complex
scalar systems.1), 2), 5) In this case, the universality holds with a modification of
the technique in Ref. 14).
(ii) The p-wave holographic superfluids are described by Einstein-Yang-Mills sys-
tems.3) In this case, the Yang-Mills field breaks the SO(d − 1) rotational in-
variance on the boundary theory, which has two implications. First, the hydro-
dynamic limit is not described by a single shear viscosity.∗∗) Second, for d = 3,
one does not have a tensor mode which decouples from the Yang-Mills field.
(Namely, item 1 of the above list fails.) As a result, the existing technique is
not applicable. However, for d ≥ 4, one has the SO(d − 2) invariance. In this
case, a tensor mode exists, and the universality holds for the shear viscosity
associated with the tensor mode.
(iii) The (p+ ip)-wave holographic superfluid is described by the same system as the
p-wave holographic superfluid (with d = 3), but the symmetry breaking pattern
is different.4) Although the metric keeps the SO(2) invariance, the Yang-Mills
field breaks the SO(2) invariance. As a result, there does not exist the tensor
mode which decouples from Yang-Mills perturbations and the existing technique
is not applicable.
Our results indicate that the shear viscosity has no singular behavior across the
phase transition for holographic superfluids (See Sec. 4.2).
The plan of this paper is as follows. In Sec. 2, we consider η/s for the s-wave
holographic superfluids. In Sec. 3, we consider anisotropic holographic superfluids,
the p-wave and (p + ip)-wave holographic superfluids. For the (p + ip)-wave case,
we identify the Yang-Mills perturbations which couple to the would-be tensor mode
∗) See Ref. 20) for the shear viscosity of another holographic superfluid.
∗∗) In the context of the AdS/CFT duality, anisotropic shear viscosities have been computed for
the noncommutative N = 4 plasma.21)
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of metric perturbations. In Sec. 4, we discuss the implications of our results. We
discuss the shear viscosity itself of holographic superfluids. For a p-wave superfluid,
the entropy density s has been obtained, so we can discuss one of shear viscosity
coefficients itself. The shear viscosity coefficient in the superfluid state is lower than
the one in the (unstable) normal state.
§2. The s-wave superfluids
2.1. Background
The s-wave holographic superfluids are described by Einstein-Maxwell-complex
scalar system:
Ss =
1
16πGd+1
∫
dd+1x
√−g
{
R− 2Λ− 1
4
K1
(|Ψ |2)FMNFMN
−K2
(|Ψ |2) |∇MΨ − iqAMΨ |2 − V (|Ψ |2)
}
(2.1)
with the ansatz
ds2d+1 = −gtt(r)dt2 + gxx(r)
d−1∑
i=1
dx2i + grr(r)dr
2 , (2.2)
A = At(r)dt , (2.3)
Ψ = Ψ(r) . (2.4)
Here, capital Latin indicesM,N, . . . run through bulk spacetime coordinates (t, xi, r),
where (t, xi) are the boundary coordinates and r is the AdS radial coordinate. Greek
indices µ, ν, . . . run though only the boundary coordinates. K1, K2 and V are arbi-
trary real functions of the scalar field. This action includes not only the conventional
s-wave holographic superfluids1), 2) but also generalized models.22)–24) We impose the
regularity condition on the metric at the horizon r = rh:
gtt → ct(r − rh) , gxx → cx , grr → cr(r − rh)−1 . (2.5)
These conditions fix the Hawking temperature and the entropy density of the bulk
geometry:
T =
1
4π
√
ct
cr
, s =
c
(d−1)/2
x
4Gd+1
. (2.6)
The model exhibits a second-order phase transition. At high temperatures, the scalar
field Ψ vanishes and one obtains the standard Reissner-Nordstro¨m-AdS black hole.
But at low temperatures, the Reissner-Nordstro¨m-AdS black hole becomes unstable
and is replaced by a charged black hole with a scalar “hair.”
This system is supposed to be dual to some kind of superconductors/superfluids.
In fact, the low temperature phase shows the expected behavior for superconduc-
tors/superfluids. As superconductors, one can see the divergence of the DC conduc-
tivity, an energy gap proportional to the size of the condensate, and the holographic
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London equation.2), 5), 25), 26) As superfluids, one can see the existence of the second
and fourth sounds.27), 28) Also, vortex solutions have been constructed.29)–33)
2.2. η/s
Since we are interested in the viscosity, the main object to study is the boundary
energy-momentum tensor. According to the standard AdS/CFT dictionary,34)–37)
the bulk gravitational perturbations act as the source for the boundary energy-
momentum tensor. Thus, our task amounts to solve the bulk gravitational pertur-
bations.
Consider the fluctuations of the energy-momentum tensor Tµν which behaves as
e−iωt. The fluctuations are decomposed by the little group SO(d − 1) acting on xi
(i = 1, · · · , d− 1). The fluctuations are decomposed as the tensor mode, the vector
mode (“shear mode”), and the scalar mode (“sound mode”).
One can use various methods to compute the shear viscosity. Among them, the
most powerful one is the Kubo formula method, which uses the tensor mode:
η = − lim
ω→0
1
ω
ImG1212R (ω,~0) , (2.7)
where G1212R (ω,
~0) is the retarded Green function for the tensor mode T 12 at zero
spatial momentum:
G1212R (ω,~0) = −i
∫ ∞
−∞
ddx eiωtθ(t)
〈
[T 12(t, ~x), T 12(0,~0)]
〉
. (2.8)
To obtain the retarded Green function, we consider homogeneous gravitational
perturbations which take the form
gMN = g
(0)
MN + hMN , (2
.9)
where g
(0)
MN is the background metric (2
.2). In the Lorentzian prescription of the
AdS/CFT duality,38) the retarded Green function (2.8) can be calculated from the
tensor mode h12. We expand the action in terms of φ(t, r) := h
1
2(t, r) up to quadratic
order and use the Fourier transformation
φ(t, r) =
∫
ddk
(2π)d
e−iωt+i
~k·~xfk(r)φ˜0(k). (2.10)
The retarded Green function is obtained as follows:
1. Solve the classical equation of motion for the field fk(r) with the ingoing-wave
boundary condition at the horizon and fk(r)→ 1 at the boundary.
2. Substitute the classical solution into the action and represent the action in
terms of the boundary value φ˜0. Only surface terms remain, and drop the
contribution from the horizon.
3. The retarded Green’s function is given by the kernel of the on-shell action:
Son-shell = −1
2
∫
ddk
(2π)d
φ˜0(−k)GR(k)φ˜0(k) (2.11)
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where the on-shell action is defined as Son-shell = (S + SGH + Sc.t.)|on-shell. SGH
is the Gibbons-Hawking term to provide a correct variational problem for the
background geometry. Sc.t. is the counterterm to renormalize divergences in
the classical action.
Thus, the problem is to solve the equation of motion for the field φ under the
appropriate boundary conditions.
From Eq. (2.1), the action which is quadratic in φ is
(2)Ss =
1
16πGd+1
∫
dd+1x
[
− 1
2
√
−g(0)(∇Mφ)2
+ ∂r
{√
−g(0)
(
2grrφ∂rφ+
1
2
g′xx
gxx
grrφ2
)}]
,
(2.12)
with the help of background equation of motions (See Appendix A.2). Because of
the little group SO(d− 1) acting on xi, the tensor mode of the metric perturbations
decouples from the rest of perturbations: the other modes of the metric perturbations
hMN , the gauge field perturbations δAM and the scalar field perturbation δΨ . Thus,
they can be set to zero consistently. Since the background geometry must satisfy
the stationary condition, we add the Gibbons-Hawking term
SGH =
1
16πGd+1
∫
r→∞
ddx
√−γ2K , (2.13)
where γµν is the boundary induced metric, nM is the normal vector to the boundary
and K = γµν∇µnν is the trace of the extrinsic curvature of the boundary. This
provides surface terms
(2)SGH =
1
16πGd+1
∫
r→∞
ddx
(
−2
√
−g(0)grrφ∂rφ− 1√
grr
∂r
(√
−γ(0)
)
φ2
)
.
(2.14)
Therefore, the bare action is
(2)(Ss + SGH) =
1
16πGd+1
∫
dd+1x
√
−g(0)
[
−1
2
(∇Mφ)2
]
+
1
16πGd+1
∫
r→∞
ddx
(
g′xx
2gxx
√
−γ(0)√
grr
− 1√
grr
∂r
(√
−γ(0)
))
φ2 .
(2.15)
The action diverges as r →∞, so the counterterms at the boundary must be added.
We need only the gravitational counterterm in order to evaluate the retarded Green’s
function for the energy-momentum tensor. According to the holographic renormal-
ization procedure, the counterterm is
Sc.t. = − 1
16πGd+1
∫
r→∞
ddx
√−γ
[
2(d− 1)
L
+
L
d− 2R[γ]
+
L3
(d− 4)(d− 2)2
(
Rµν [γ]Rµν [γ]− d
4(d− 1)R[γ]
2
)
+ · · ·
]
,
(2.16)
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where L is the AdS radius and Rµν [γ] is the Ricci tensor made from the induced
metric γµν . These terms largely depend on the spacetime dimensions
∗). However, in
order to evaluate the shear viscosity, we need boundary terms only up to first order
in ω: O(ω2) terms in the action do not contribute to the Kubo formula because of
the ω → 0 limit. So, only the first term in Eq. (2.16) is important and it becomes
(2)Sc.t. =
1
16πGd+1
∫
r→∞
ddx
√
−γ(0)(d− 1)φ2 , (2.17)
for the tensor mode perturbation. This term removes the divergences from the second
term of Eq. (2.15). As a result, the renormalized action is
16πGd+1
(2)(Ss + SGH + Sc.t.)
=
∫
ddk
(2π)d
φ˜0(−k)
(
−1
2
√
−g(0)
grr
f−k(r)∂rfk(r)
)
φ˜0(k)
∣∣∣∣∣
r→∞
+ (terms which are proportional to the EOM)
+ (contact terms) ,
(2.18)
Here, we neglected the second derivative respect to t because it provide only O (ω2)
terms. “(contact terms)” provide contact terms in the Green function and have
the form f−kfk. They will not affect the shear viscosity since they do not give an
imaginary part of retarded Green’s function. The terms which give the imaginary
part take the form like f−k∂rfk
∗∗). We will see this at the end of this section. With
(2.10)
In order to find the on-shell action, we need to solve the equation of motion for
fk(r):
f ′′k +
grr
gtt
ω2fk +
(
grr
√
−g(0)
)′
grr
√
−g(0)
f ′k = 0 , (2.19)
where the long wavelength limit ~k → 0 is taken since O(|~k|) terms in the action don’t
contribute to the Kubo formula. The equations of motion can be solved as follows.
First, solve this equation of motion near the horizon and impose the ingoing-wave
boundary condition. Second, find the solution over the whole region in the bulk up
to first order in w. Finally, match these solutions.
First, consider the near-horizon limit of Eq. (2.19). With asymptotics of the
metric (2.5)
fk(r) ∼ (r/rh − 1)±iw = exp
[
± iw ln [r/rH − 1]
]
. (2.20)
where w := ω/4πT is the rescaled dimensionless frequency. The ingoing-wave solu-
tion is given by fk(r) = exp [−iw ln (r/rh − 1)]. We expand this solution in terms
∗) One has to be careful when the number of the boundary spacetime dimensions d is an even
number. See Ref. 39) for details.
∗∗) So, the second term of Eq. (2.15) and the counterterm (2.17) do not affect the shear viscosity.
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of w ln (r/rh − 1) near the horizon since we take the w → 0 limit at the end of the
analysis. So,
fk(r) ∼ 1− iw ln [r/rh − 1] . (2.21)
is the boundary condition as r → rh. The overall factor will be determined by the
boundary condition at r →∞.
Next, get the solution of Eq. (2.19) for all r. In order to evaluate the Kubo
formula, it is enough to obtain fk(r) up to first order in w. Thus, expand fk(r) in
power of w:
fk(r) = f
(0)(r) +wf (1)(r) +O(w2) . (2.22)
Inserting this into the equation of motion, f (0) and f (1) satisfy
f (i)′′ +
(
grr
√
−g(0)
)′
grr
√
−g(0)
f (i)′ = 0 , (2.23)
where i runs i = 0, 1. Solutions are given by
f (i)(r) = C
(i)
1 + C
(i)
2
∫ ∞
r
dr′
grr(r
′)√
−g(0)(r′)
, (2.24)
where C
(i)
j ’s are integration constants. From the boundary condition at r →∞,
C
(0)
1 = 1 , C
(1)
1 = 0 . (2
.25)
The rest of constants are determined by the boundary condition at the horizon.
Since the integrand in Eq. (2.24) has a simple pole at the horizon,∫ ∞
r∼rh
dr′
grr(r
′)√
−g(0)(r′)
∼
√
cr
ctc
d−1
x
∫ ∞
r/rh∼1
d(r′/rh)
(r′/rh − 1)
= − 1
16πGd+1sT
ln [r/rh − 1] .
(2.26)
Comparing this with the boundary condition (2.21), one gets
C
(0)
2 = 0, wC
(1)
2 = 4Gd+1 · iωs . (2.27)
Therefore, the solution of Eq. (2.19) with the appropriate boundary conditions is
fk(r) =
(
1 + 4Gd+1 · iωs
∫ ∞
r
dr′
grr(r
′)√
−g(0)(r′)
+O (w2)
)
, (2.28)
which becomes
fk(r)→ 1, ∂rfk(r)→ −4Gd+1 · iωs grr(r)√−g(0)(r) , (2.29)
as r → ∞. Thus, the terms f−kfk and f−k∂rfk in the action provide real and
imaginary parts, respectively. So, the contact terms, which have the form f−kfk, do
not contribute to the shear viscosity.
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Now, we are ready to extract the Green function from the on-shell action. Sub-
stituting the solution (2.28) into the on-shell action, one gets
Son-shell =
1
16πGd+1
∫
ddk
(2π)d
φ˜0(−k)
(
−1
2
√
−g(0)
grr
f−k(r)∂rfk(r)
)
φ˜0(k)
∣∣∣∣∣
r→∞
= −1
2
∫
ddk
(2π)d
φ˜0(−k)
(
− iωs
4π
)
φ˜0(k)
(2.30)
This leads to the retarded Green’s function
G1212R (ω, 0) = −
iωs
4π
+O
(
(ω/T )2
)
, (2.31)
from the prescription (2.11). Finally, the Kubo formula (2.7) derives the shear
viscosity,
η = − lim
ω→0
1
ω
G1212R (ω,~0) =
s
4π
. (2.32)
Thus, the ratio of the shear viscosity to the entropy density is
η
s
=
1
4π
. (2.33)
Therefore, the universality of η/s holds in this system irrespective of whether the
complex scalar condenses or not.
§3. Anisotropic superfluids
The p-wave or the (p + ip)-wave holographic superfluids are described by the
Einstein-Yang-Mills system:
SEYM =
1
16πGd+1
∫
dd+1x
√−g
{
R− 2Λ− 1
4
(F aMN )
2
}
, (3.1)
where F aMN = ∂MA
a
N − ∂NAaM + gYMǫabcAbMAcN is the field strength of SU(2) gauge
fields, gYM is the Yang-Mills gauge coupling and ǫ
abc is the totally antisymmetric
tensor with ǫ123 = 1. The gauge field is written as a matrix-valued form:
A = AaMτ
adxM , (3.2)
where τa = σa/(2i) using the Pauli matrices, so [τa, τ b] = ǫabcτ c.
3.1. The p-wave superfluids
The p-wave case is described by the ansatz
ds2d+1 = −gtt(r)dt2 + gx1x1(r)dx21 + gx2x2(r)
d−1∑
i=2
dx2i + grr(r)dr
2 , (3.3)
A = Φ(r)τ3dt+ w(r)τ1dx1 . (3.4)
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The function Φ(r) gives the background static electric potential whereas the function
w(r) represents the condensate. We impose the regularity condition at the horizon
r = rh:
gtt → ct(r − rh) , gx1x1 → cx1 , gx2x2 → cx2 , grr → cr(r − rh)−1 . (3.5)
Then, the temperature and the entropy density are given by
T =
1
4π
√
ct
cr
, s =
√
cx1c
d−2
x2
4Gd+1
, (3.6)
respectively.
As is clear from the metric (3.3), the boundary spacetime is anisotropic. In such
a case, the shear viscosity is no longer given by a single coefficient η. Rather, one is
interested in
ηijkl = − lim
ω→0
1
ω
ImGijklR (ω,
~0) , (3.7)
GijklR (ω,
~0) = −i
∫ ∞
−∞
ddx eiωtθ(t)
〈
[T ij(t, ~x), T kl(0,~0)]
〉
. (3.8)
From the symmetric nature of the metric and the SO(d − 2) invariance acting on
x2, · · · , xd−1, there are only two nontrivial independent coefficients, e.g., η1212 and
η2323. We will examine these coefficients below.
The shear viscosities of anisotropic fluids have been widely discussed in the con-
text of liquid crystal.40) There are various parametrizations known in the literature.
Among them, the most well-studied parametrization is the Miesowicz viscosity coef-
ficients. The coefficients η1212 and η2323 are related to the Miesowicz coefficients.41)
However, various conventions are found in the literature for the Miesowicz coeffi-
cients. To avoid the confusion, we keep using ηijkl.
3.1.1. η2323 (for d ≥ 4)
First, let us consider η2323. The coefficient exists for d ≥ 4, and the metric
has the SO(d− 2) invariance, so the perturbation h23 transforms as a tensor mode.
Then, the discussion is similar to the s-wave superfluid case.
The action (3.1) with appropriate boundary terms reduces to (h23 =: φ(r, t) =∫
ddk
(2π)d
eikxfk(r)φ˜0(k))
16πGd+1
(2)(Sp + SGH + Sc.t.)
=
∫
ddk
(2π)d
φ˜0(−k)
(
−1
2
√
−g(0)
grr
f−k(r)∂rfk(r)
)
φ˜0(k)
∣∣∣∣∣
r→∞
+ (terms which are proportional to the EOM)
+ (contact terms) ,
(3.9)
using the ansatz (3.3) and the equation of motion for the background geometry (See
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Appendix A.3.1). The equation of motion is given by
f ′′k +
grr
gtt
ω2fk +
(
grr
√
−g(0)
)′
grr
√
−g(0)
f ′k = 0 . (3.10)
This takes the same form as the s-wave case (2.19), so the solution under the appro-
priate boundary conditions is given by
fk(r) =
(
1 + 4Gd+1 · iωs
∫ ∞
r
dr′
grr(r
′)√
−g(0)(r′)
+O
(
(ω/T )2
))
, (3.11)
and the retarded Green function has the same form as the s-wave one (2.31). From
the Kubo formula, the shear viscosity to the entropy density ratio is
η2323
s
=
1
4π
. (3.12)
The universality holds for this case as well.
3.1.2. η1212
Next, let us consider η1212. For d = 3, this is the only shear viscosity coefficient.
The perturbation h12 transforms as a vector under SO(d − 2). Thus, it couples to
the vector mode of the Yang-Mills perturbations. As a result, the existing technique
is not applicable.
It should be straightforward to obtain the action for the relevant vector mode
perturbations since they are standard vector perturbations for which one can rely on
the symmetry. However, it does not seem straightforward to solve them analytically.
Thus, we will not discuss those perturbations further in this case. This is in contrast
to the (p+ip)-wave case in next subsection, where it is not very clear how the relevant
modes are coupled. This is because the symmetry structure is more complicated for
the (p+ ip)-wave case.
3.2. The (p+ ip)-wave superfluids
For completeness, let us consider the (p+ ip)-wave holographic superfluid. The
(p+ ip)-wave case is described by the ansatz
ds2 = −gtt(r)dt2 + gxx(r)(dx21 + dx22) + grr(r)dr2 , (3.13)
A = Φ(r)τ3dt+ w(r)(τ1dx1 + τ
2dx2) . (3.14)
As in previous models, the regularity condition at the horizon r = rh implies
gtt → ct(r − rh) , gxx → cx , gtt → ct(r − rh)−1 , (3.15)
which leads to the temperature and the entropy density as
T =
1
4π
√
ct
cr
, s =
cx
4G4
, (3.16)
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respectively. It is argued that the (p+ ip)-wave background is unstable and it turns
into the p-wave background.4) But the analysis was carried out only in the probe
limit and the full analysis including the backreaction has not been done.
Unlike the p-wave case, the metric is isotropic. Thus, the shear viscosity is
described by a single coefficient. The anisotropy in the (x1, x2)-plane is caused by
the Yang-Mills field. The condensation breaks the SO(2) rotational symmetry in the
(x1, x2)-plane as well as the U(1) gauge symmetry. But, as is clear from Eq. (3.14),
it preserves a diagonal U(1) which is a combination of the two. Thus, there does not
exist the tensor mode which decouples from Yang-Mills perturbations. As a result,
the existing technique is not applicable.
Since the whole system does not have the SO(2) symmetry, it is worthwhile to see
explicitly how Yang-Mills perturbations couple to the “tensor mode” perturbations.
In Appendix A.3, we derived the interaction of the Yang-Mills perturbations and
the metric perturbations [Eq. (A.29)]. For the tensor mode metric perturbations
h22 = −h11(:= φd) and h12 = h21(:= φod)∗), the interaction reduces to
1
2
hijQ
ijMN
a f
a
MN = h
i
j (F · f)j i . (3.17)
Here, we defined
faMN := DMa
a
N −DNaaM , (3.18)
DabM := ∇Mδab + gYMǫacbAcM , (3.19)
(F · f)ij := F aiNfajN . (3.20)
As is clear from Eq. (3.17), the tensor mode hij couples to (F · f)ij, which
transforms as a tensor under the diagonal U(1) symmetry. φd and φod couple to
(F · f)d := (F · f)22 = −(F · f)11 , (F · f)od := (F · f)12 = (F · f)21 , (3.21)
respectively. They contain the following components of δAaM :
ad := δA
1
1 = −δA22 , aod := δA12 = δA21 , (the other modes) = 0 . (3.22)
These perturbations φod, φd, aod and ad are all coupled. The explicit form of
(F · f) is given by
(F · f)od = grrgxx(∂rw)(∂raod) + gttgxxgYMΦw(Dtad), (3.23)
(F · f)d = grrgxx(∂rw)(∂rad)− gttgxxgYMΦw(Dtaod), (3.24)
which include the covariant derivatives of ai:
Dtaod = ∂taod + gYMΦad , Dtad = ∂tad − gYMΦaod . (3.25)
Therefore, these forms mix aod and ad.
Let us summarize how the tensor mode metric perturbations couple with Yang-
Mills perturbations:
∗) In the s-wave and p-wave cases, the diagonal perturbation φod and the off-diagonal pertur-
bation φd are completely decoupled. So, we have set φd = 0. But this does not hold for the
(p+ ip)-wave case as we will see below.
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• The tensor mode metric perturbations φod and φd couple to the tensor (F ·
f)od and (F · f)d, respectively, where (F · f) is made from the Yang-Mills
perturbations. So, the action for φod/d no longer takes the minimally-coupled
scalar form.
• The Yang-Mills perturbations aod/d couple to φod and φd. As a result, φod
couples to φd through ai.
The complete action in terms of these “tensor mode” fluctuations are given by
(2)(S(p+ip) + SGH) =
1
16πG4
∫
d4x(2)(Lgrav + Lgauge + Lint) ; (3.26)
(2)Lgrav =
√
−g(0)
2∑
i=1
[
− 1
2
{−gtt(∂tφi)2 + grr(∂rφi)2}− 1
2
M(r)2φ2i
+(surface term)
]
, (3.27)
(2)Lgauge =
√
−g(0)gxx
2∑
i=1
[−grr(∂rai)2 + g2YMw2a2i + gtt(Dtai)2] , (3.28)
(2)Lint =
√
−g(0)
2∑
i=1
φi(F · f)i ; (3.29)
where we defined two-component vectors as φi = (φod, φd), ai = (aod, ad), (F · f)i =
((F · f)1, (F · f)2) and i runs isotropic components i = 1, 2. (2)Sint is the interaction
term we have discussed in Eq. (3.17). The mass-like function M(r) is defined by
M(r)2 := grrgxx(∂rw)
2 + gxxg2YM
(
gxxw2 − gttΦ2)w2 . (3.30)
The action leads to coupled equations of motion for φod, φd, aod and ad. It is
difficult to solve them analytically, and it does not seem straightforward to obtain
the shear viscosity to the entropy ratio.
§4. Implications of the results
We study η/s for s-wave, (p + ip)-wave, and p-wave holographic superfluids.
The shear viscosity for the s-wave superfluids satisfies the universality (1.1). The
p-wave superfluids are anisotropic, and there are two nontrivial independent shear
viscosities, η2323 and η1212. We show that one of the coefficients η2323 satisfies the
universality.
On the other hand, for another coefficient η1212 of the p-wave superfluids and for
the shear viscosity of the (p+ ip)-wave superfluid, the gravitational perturbations in
question couple to the Yang-Mills perturbations even in Kubo-formula method, and
the existing technique is not applicable. We extract the modes which couple to the
gravitational perturbations. For the (p+ip)-wave case, we write down the perturbed
action for those modes.
It would be interesting to solve the equations of motion to obtain η/s for those
cases. If it turns out that they also satisfy the universality, these shear viscosities
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will give highly nontrivial tests for the universality. If it turns out that they do not,
these shear viscosities will give interesting counterexamples against the universality.
The results are interesting in either way.
There is another technique to derive η/s in the membrane paradigm context.15)
According to the method, transport coefficients in the boundary field theory can be
determined by (i) the flow equation for r-dependent transport coefficients, e.g., the
shear viscosity η(r) and by (ii) their values at the horizon. If the tensor mode metric
perturbation is written as a free scalar, the flow equation becomes trivial in the
hydrodynamic limit: ∂rη(r) = 0. In this case, (η/s)|boundary = (η/s)|horizon = 1/4π.
This method works for η in the s-wave case and for η2323 in the p-wave case. But
it does not work for η1212 in the p-wave case and for η in the (p + ip)-wave case.
This is because the interactions of the metric and Yang-Mills perturbations provide
a non-trivial flow equation ∂rη(r) 6= 0.
We now discuss the shear viscosity itself of holographic superfluids below.
4.1. Viscosity of superfluids
The holographic superfluid shows a nonzero viscosity. To interpret the result,
note the following points.
First, a superfluid has a nonzero viscosity. For example, for 4He no viscous
resistance is observed when it goes through a narrow pipe, but a viscous drag is
observed when a test body is moved in the liquid.
According to the two-fluid model, a superfluid consists of the superfluid compo-
nent and the normal component. The normal component has a nonzero viscosity, so
a superfluid has a nonzero viscosity as a whole. The normal component represents
the effect of thermal fluctuation, and it always exists at finite temperatures. And the
quasi-particle description is valid for the normal component. Since we do not sep-
arate the normal and superfluid components, one cannot observe the zero viscosity
for the superfluid component.
Second, currently the boundary theory description is not clear for holographic
superfluids, but the boundary theory presumably contains the fields which may not
play an important role in the superfluid behavior. Among the other things, the
boundary theory should include the SU(N) non-Abelian gauge field, which is unlikely
to play an important role. The computation of η/s includes the dissipation not only
from the normal component but also from these fields.
Obviously, while η/s is the same in both phases, η itself can have different
functional forms. This requires the knowledge of s, and it would be interesting to
compute it. In the probe limit, both phases are described by the same bulk geometry
since the backreaction of matter fields onto the geometry is ignored. Thus, one needs
the fully backreacted metric to find a nontrivial behavior. In particular, it would be
interesting to see if η in the superfluid state is lower than η in the (unstable) normal
state. Again one needs a fully backreacted metric, but analysis near the critical point
or a numerical computation would suffice for the purpose.
In fact, the entropy density s has been obtained for a limited class of holographic
superfluids. Especially, Ref. 42) obtained s for the (4+1)-dimensional p-wave super-
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fluid in the grand canonical ensemble.∗) They use the parameter α := κ5/gˆ. In our
notation, α ∝ 1/gYM, and α → 0 corresponds to the probe limit. Once the backre-
action is taken into account, the p-wave superfluid undergoes the second-order phase
transition only when α < αc, where αc ∼ 0.365, and it undergoes the first-order
phase transition when α > αc. Namely, the phase transition becomes first-order
when the backreaction becomes large.
According to their computation, s in the superfluid state is lower than s in
the unstable normal state below T < Tc at fixed chemical potential µ = A
3
t . See
Fig. 3(b) of Ref. 42). Since η2323 satisfies the universality, η2323 in the superfluid
state is lower than the normal state one. This may be due to the zero viscosity of
the superfluid component. Needless to say, this statement is only for one coefficient
of shear viscosities of one p-wave superfluid. At this moment, it is not clear if the
same holds in general.
4.2. Implication to dynamic critical phenomena
We found that the universality of η/s holds both for high temperature phase and
for low temperature phase. In the second-order phase transition, critical phenomena
occur and one has singular behaviors in physical quantities. In the dynamic case, one
has singular behaviors in various transport coefficients.44) But our results indicate
that there is no divergence in the shear viscosity. (Since the entropy density is the
first derivative of the free energy, it is continuous across the phase transition. Thus,
the universality of η/s implies that the shear viscosity is also continuous across the
transition.)
More precisely, in the dynamic critical phenomena, the relaxation time of the
order parameter diverges, which is known as the critical slowing down. In fact, for
s-wave holographic superfluids, the relaxation time of the order parameter diverges
near the critical point.45) In general, when a system has a conserved charge, the
associated transport coefficient diverges as well. For example, for Tµν , one has a
(mild) singularity in η. But our results indicate that this does not happen in the
holographic superfluids. The fact that singular behavior does not occur in η has
been observed in the critical phenomena of R-charged black holes.46)
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Appendix A
Quadratic forms of perturbations for Einstein-Matter actions
In this Appendix, we derive the quadratic forms of the tensor mode perturbation
for the s-wave, p-wave and (p+ip)-wave holographic superfluids. First, we derive the
quadratic form of the Einstein-Hilbert action. Then, we derive quadratic forms of the
matter action for these three models. Since we will not consider scalar perturbations,
we will focus on the metric perturbations and the gauge field perturbations.
A.1. The quadratic form of the Einstein-Hilbert action
Consider the general perturbation hMN to the background metric g
(0)
MN :
gMN = g
(0)
MN + hMN . (A
.1)
Under the perturbation,
√−g =
√
−g(0)
[
1 +
1
2
h+
1
2
(
1
4
h2 − 1
2
hMNhMN
)]
, (A.2)
and
(2)R =∇M
(
hIJ∇MhIJ + hMN∇Nh− hMN∇IhIN − hIJ∇IhJM
)
− 1
4
(∇NhIJ)∇NhIJ + 1
2
(∇NhIJ )∇IhJN − 1
4
∇Nh∇Nh+ (0)RMIhINhMN .
(A.3)
Therefore, the quadratic form of hMN in the Einstein-Hilbert action is
(2)(
√−gR)√
−g(0)
=
(
1
8
h2 − 1
4
hMNhMN
)
(0)R+
(
hMIhI
N − 1
2
hhMN
)
(0)RMN +∇MJM
− 1
4
(∇MhIJ)(∇MhIJ) + 1
2
(∇MhIJ)(∇IhJM ) + 1
4
(∇Ih)(∇Ih)− 1
2
(∇JhIJ)(∇Ih) ,
(A.4)
where
JM = hIJ∇MhIJ +hMN∇Nh−hMN∇IhIN −hIJ∇IhJM − 1
2
h∇Mh+ 1
2
h∇NhMN .
(A.5)
If we restrict the perturbation hMN to the tensor mode perturbation h12, this
quadratic form reduces to (φ := h12)
(2)(
√−gR) =
√
−g(0)
[
(2)R− 1
2
(0)Rφ2
]
, (A.6)
where (2)R is the quadratic form of the Ricci scalar with the tensor mode perturba-
tion:
(2)R =
√
−g(0)
[
−1
2
(∇Mφ)2 + (0)R22φ2
]
+ ∂r
(
2
√
−g(0)
grr
φ∂rφ+
√
−g(0)
grr
g′x2x2
2gx2x2
φ2
)
− ∂t
(
2
√
−g(0)
gtt
φ∂tφ
)
.
(A.7)
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Here, we take the (d + 1)-dimensional p-wave metric (3.3) to preserve generality.
Except the free scalar part, all these terms will be removed in the end.
A.2. The quadratic form of the s-wave holographic superfluid action
The s-wave holographic superfluid is described by Eq. (2.1):
Ss =
1
16πGd+1
∫
dd+1x(
√−gR+ Ls-matter) ; (A.8)
Ls-matter :=
√−g
[
−1
4
K1 (|Ψ |)FMNFMN −K2 (|Ψ |) |DMΨ |2 − V (|Ψ |)
]
, (A.9)
where we defined a covariant derivative as DM := ∇M − iqAM . Under the general
gravitational perturbation
gMN = g
(0)
MN + hMN , (A
.10)
one can easily find
(2)Ls-matter = 1
2
√
−g(0)hMN
[
K1X
MNIJ +K2Y
MNIJ + V PMNIJ
]
hIJ , (A.11)
where
PMNIJ :=
1
4
(
g(0)MIg(0)NJ + g(0)MJg(0)NI − g(0)MN g(0)IJ
)
, (A.12)
XMNIJ :=
1
4
FABF
ABPMNIJ +
1
2
FA
MFANg(0)IJ
−FAMFAJg(0)NI − 1
2
FMIFNJ , (A.13)
YMNIJ := |DAΨ |2PMNIJ + (DMΨ)(DNΨ)∗g(0)IJ
−2(DMΨ)(DJΨ)∗g(0)NI . (A.14)
Note that some modes of the metric perturbations couple with the gauge field per-
turbations δAI and the complex scalar perturbation δΨ in general. However, we drop
these perturbations since these decouple from the tensor mode metric perturbations.
The equation of motion for the background field is(
1
2
(0)Rg(0)MN − (0)RMN
)
+ T (0)MN = 0 . (A.15)
The background energy-momentum tensor T
(0)
MN is defined as
∗)
T (0)MN =
1√
−g(0)
∂Ls-matter
∂gMN
=
1
2
K1
(
−1
4
g(0)MNFABF
AB + F (MAF
N)A
)
+K2
(
−1
2
g(0)MN (DAΨ)(D
AΨ)∗ + (D(MΨ)(DN)Ψ)∗
)
− 1
2
g(0)MNV .
(A.16)
∗) Here, we defined the symmetric symbol as F (MAF
N)A = 1
2
(
FMAF
NA + FNAF
MA
)
.
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This equation of motion leads to a relation between the Ricci scalar and the matter
fields
(0)R =
d− 3
4(d− 1)K1FMNF
MN +K2|DMΨ |2 + d+ 1
d− 1V , (A
.17)
and an isotropic component leads to
R22 =
1
d− 1
(
V − 1
4
K1FMNF
MN
)
. (A.18)
So far our discussion does not assume an explicit background nor perturbations.
Now, we take the s-wave background ansatz (2.2)-(2.4) and the tensor mode h12 =
φ(t, r). The quadratic form (A.11) reduces to
(2)Ls-matter = 1
2
√
−g(0)
(
1
4
K1FMNF
MN +K2|DMΨ |2 + V
)
φ2 , (A.19)
where we set the gauge field perturbations aM to zero since these decouple from φ.
Using the trace of the equations of motion (A.17) and an isotropic component of
Eq. (A.18), one gets
(2)Ls-matter =
√
−g(0)
(
1
2
(0)R− (0)R22
)
φ2 . (A.20)
Combining the Einstein-Hilbert term (A.4) and the matter term (A.20), we obtain
the quadratic form of the s-wave holographic superfluid action (2.12):
(2)Ss =
1
16πGd+1
∫
dd+1x
[
− 1
2
√−g(∇Mφ)2 − ∂t
(
2
√
−g(0)gttφ∂tφ
)
+ ∂r
{√
−g(0)
(
2grrφ∂rφ+
1
2
g′xx
gxx
grrφ2
)}]
,
(A.21)
with gx1x1 = gx2x2 = gxx. The second term (the total derivative with respect to t)
does not affect the correlator, so we ignored the term in Eq. (2.12).
A.3. The quadratic form of the Einstein-Yang-Mills action
The Einstein-Yang-Mills action is
SEYM =
1
16πGd+1
∫
dd+1x(
√−gR+ LEYM-matter) , (A.22)
LEYM-matter :=
√−g
[
−1
4
F aMNF
aMN − 2Λ
]
, (A.23)
where AaM is SU(2) gauge field and the field strength is defined as
F aMN = ∂MA
a
N − ∂NAaM + gYMǫabcAbMAcN . (A.24)
Under the metric and gauge field perturbations
gMN = g
(0)
MN + hMN , A
a
M = A
(0)a
M + a
a
M , (A.25)
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one can find∗)
(2)LEYM = (2)Lgrav + (2)Lgauge + (2)Lint ; (A.26)
(2)Lgrav = (2)(
√−gR) +
√
−g(0)
[
1
2
hMN
(
X¯MNIJ + 2ΛPMNIJ
)
hIJ
]
, (A.27)
(2)Lgauge =
√
−g(0)
[
−1
4
faMNf
aMN +
1
2
aaMZ
MN
ab a
b
N
]
, (A.28)
(2)Lint = 1
2
√
−g(0)hMNQMNIJa faIJ , (A.29)
where
faMN := DMa
a
N −DNaaM (A.30)
X¯MNIJ :=
1
4
F aABF
aABPMNIJ +
1
2
F aA
MF aANg(0)IJ (A.31)
−F aAMF aAJg(0)NI − 1
2
F aMNF aIJ ,
QMNIJa := 2g
(0)MIF aNJ − 1
2
g(0)MNF aIJ , (A.32)
ZMNab := −gYMǫabcF cMN . (A.33)
The background satisfies the Einstein equation (A.15) with the energy-momentum
tensor given by ∗∗)
T (0)MN =
1
2
(
−1
4
g(0)MNF aIJF
aIJ − F a(MAF |a|N)A − g(0)MN2Λ
)
. (A.34)
This equation of motion leads to a relation between the Ricci scalar and the matter
fields
(0)R =
d− 3
4(d − 1)F
a
MNF
aMN +
d+ 1
d− 12Λ , (A
.35)
and an isotropic component leads to
R22 =
1
d− 1
(
2Λ− 1
4
F aMNF
aMN +
d− 1
2
F aMx2F
aMx2
)
. (A.36)
A.3.1. The p-wave holographic superfluid action (tensor mode)
Here, we derive the effective action of the tensor mode metric perturbation for
the (d + 1)-dimensional p-wave system. If we set metric perturbation (A.25) to
the tensor mode h23 = φ(t, r), all the other perturbations are decoupled, so these
perturbations can be ignored consistently. The quadratic action (A.26) reduces to
(2)LEYM-matter = 1
2
√
−g(0)
[
1
4
F aMNF
aMN + 2Λ
]
φ2 =
√
−g(0)
(
1
2
(0)R− (0)R22
)
φ2 ,
(A.37)
∗) The quadratic form of the Einstein-Yang-Mills action was obtained in Ref. 47) in order to
calculate the one-loop divergence, but they omitted surface terms.
∗∗) Here, the vertical bars indicate that we do not symmetrize over a: F a(MAF
|a|N)A =
1
2
(
F aMAF
aNA + F aNAF
aMA
)
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using Eqs. (A.35) and (A.36). Then, one obtains the quadratic form of the p-wave
action for the tensor mode metric perturbation:
(2)Sp =
1
16πGd+1
∫
dd+1x
√
−g(0)
[
− 1
2
(∇Mφ)2 − ∂t
(
2
√
−g(0)gttφ∂tφ
)
+ ∂r
{√
−g(0)
(
2grrφ∂rφ+
1
2
g′x2x2
gx2x2
grrφ2
)}]
.
(A.38)
A.3.2. The (p + ip)-wave holographic superfluid action
Let us derive the effective action of the “tensor mode” metric perturbations
for the 4-dimensional (p + ip)-wave system. In this case, we must turn on four
perturbations φod = h
1
2 = h
2
1, φd = h
1
1 = −h22, aod = a12 = a21 and ad = a11 =
−a22. The perturbed action is obtained by substituting these perturbations into
Eq. (A.26):
(2)S(p+ip) =
1
16πG4
∫
d4x
√
−g(0)
(
(2)Lgrav + (2)Lgauge + (2)Lint
)
; (A.39)
(2)Lgrav =
√
−g(0)
2∑
i=1
[
−1
2
{−gtt(∂tφi)2 + grr(∂rφi)2}− 1
2
M(r)2φ2i
]
,(A.40)
(2)Lgauge =
√
−g(0)gxx
2∑
i=1
[−grr(∂rai)2 + g2YMw2a2i + gtt(Dtai)2] , (A.41)
(2)Lint =
√
−g(0)
2∑
i=1
φi(F · f)i , (A.42)
where we defined two-component vectors φi = (φod, φd), ai = (aod, ad), (F · f)i =
((F · f)1, (F · f)2) and i runs isotropic components i = 1, 2. Here, we have omitted
the surface term in Eq. (A.40). The mass-like function M(r) is defined by
M(r)2 := grrgxx(∂rw)
2 + gxxg2YM
(
gxxw2 − gttΦ2)w2 , (A.43)
and the explicit form of (F · f)i is
(F · f)od = grrgxx(∂rw)(∂raod) + gttgxxgYMΦw(Dtad), (A.44)
(F · f)d = grrgxx(∂rw)(∂rad)− gttgxxgYMΦw(Dtaod). (A.45)
Note that the covariant derivatives of ai have forms
Dtaod = ∂taod + gYMΦad , Dtad = ∂tad − gYMΦaod . (A.46)
Therefore, these forms mix aod and ad.
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